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Abstract
The even weight modular forms of level N can be arranged into the common irreducible
representations of the inhomogeneous finite modular group ΓN and the homogeneous finite
modular group Γ′N which is the double covering of ΓN , and the odd weight modular forms of
level N transform in the new representations of Γ′N . We find that the above structure of modular
forms can naturally generate texture zeros of the fermion mass matrices if we properly assign
the representations and weights of the matter fields under the modular group. We perform a
comprehensive analysis for the Γ′3 ∼= T ′ modular symmetry. The three generations of left-handed
quarks are assumed to transform as a doublet and a singlet of T ′, we find six possible texture
zeros structures of quark mass matrix up to row and column permutations. We present five
benchmark quark models which can produce very good fit to the experimental data. These
quark models are further extended to include lepton sector, the resulting models can give a
unified description of both quark and lepton masses and flavor mixing simultaneously although
they contain less number of free parameters than the observables.
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1 Introduction
The standard model (SM) of particle physics has been precisely tested so far. However, neither
significant evidence for the departures from the SM nor convincing hints for the presence of new
physics has been found. The masses of quarks and charged leptons are parameterized by the Yukawa
coupling constants in SM. The Yukawa sector is still poorly understood, and the SM itself can not
predict the exact values of quark masses and CKM mixing matrix. The fundamental principle
which rules the hierarchical charged fermion mass spectra, tiny neutrino masses, flavor mixing and
CP violation, is still elusive. Neutrino oscillation experiments have made enormous progress in past
years. The three lepton mixing angles and neutrino mass squared differences have been precisely
measured. The latest global fit of neutrino oscillation data gives the best fit values and 1σ errors
of the lepton mixing angels as θ12/
◦ = 33.82+0.78−0.76, θ
23/◦ = 49.6+1.0−1.2 and θ13/
◦ = 8.61±0.13 [1]. The
present neutrino oscillation data favor normal ordering (NO) neutrino mass spectrum over inverted
ordering (IO), CP conservation in neutrino oscillation is disfavored at 2σ confidence level, and the
leptonic Dirac CP phase δCP around 3pi/2 is preferred [2, 3].
Neutrino oscillation provides us new insight to understanding the flavor puzzle. It is found
that the neutrino mixing angles can be reproduced by extending the SM with a finite discrete
non-abelian flavor symmetry [4–9]. The observed neutrino mixing pattern arises as the result
of particular vacuum alignment of scalar fields called flavons which spontaneously break certain
discrete flavor symmetry. The flavons are SM singlet and they transform nontrivially under the
flavor symmetry group. Usually a number of flavons are necessary, and the scalar potential as well as
additional shaping symmetries has to be cleverly designed to obtain the desired vacuum alignment.
Another drawback of this approach is that the predictability of a discrete flavor symmetry model
could be degraded by the possible higher dimensional operators. Moreover, flavor symmetry is
usually used to constrain the neutrino mixing angles while the neutrino masses are undetermined
except in some specific models.
In order to overcome the above mentioned drawbacks of the conventional finite discrete flavor
symmetry, a new approach of modular invariance playing the role of flavor symmetry was recently
proposed in [10]. In the most economical version of the modular invariant models, the flavon
fields other than the modulus are not needed and the flavor symmetry is uniquely broken by the
vacuum expectation value (VEV) of the complex modulus τ . The complicated vacuum alignment
is not required although one needs some mechanism to fix the value of τ . The Yukawa couplings
are functions of modular forms which are holomorphic functions of τ , and all higher dimensional
operators in the superpotential are completely determined by modular invariance in the limit of
supersymmetry [10]. It is notable that the neutrino mass models based on modular invariance
could involve only few coupling constants such that neutrino masses and mixing parameters are
correlated. This formalism has been extended to consistently combine with the generalized CP
symmetry, and the consistency conditions requires that the modulus transforms as τ → −τ∗ up to
modular transformations under the action of CP symemtry [11–16]. In a symmetric basis where the
representation matrices of both S and T are symmetric, the multiplets of modular forms become
complex conjugated under CP transformation if they are properly normalized. As a consequence,
the generalized CP symmetry would constrain all the couplings in a modular invariant model to be
real [11], and thus the predictive power of such models is enhanced. It was noted that the Ka¨hler
potential is not at all fixed by the symmetries and transformation properties of the models, although
the superpotential is completely fixed by the modular transformations. The corrections from the
most general Ka¨hler potential consistent with the symmetries of the model could potentially reduce
the predictive power of this formalism [17].
The crucial element of this new approach is the modular forms of even weights and level N
which can be arranged into irreducible representations of inhomogeneous finite modular group ΓN .
Several models of lepton masses and mixing have been constructed based on the finite modular
groups Γ2 ∼= S3 [18–21], Γ3 ∼= A4 [10, 18, 19, 22–38], Γ4 ∼= S4 [35, 39–45] and Γ5 ∼= A5 [44, 46, 47].
This new approach has been extended to modular forms of general integer weights which can
be arranged into irreducible representations of the homogeneous finite modular group Γ′N [48].
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Notice that Γ′N is the double covering of ΓN . The modular forms of weight 1 and level 3 have
been explicitly constructed and shown to furnish a two dimensional irreducible representation of
Γ′3 ∼= T ′ [48]. The phenomenological predictions of modular symmetry models for leptogenesis have
been discussed in [34, 45]. The SU(5) grand unified models with modular symmetry have been
constructed [20, 24]. The modular symmetry has also been applied to dark matter and radiative
neutrino mass models [27,31,32].
An interesting attempt of understanding the dynamics of fermion mass generation and flavor
mixing is to impose zero entries at certain locations of the mass matrices [49–51], and such scenarios
are more popularly known as texture zero models. Usually abelian flavor symmetry is used to
realize texture zero structure exactly or approximately [52,53]. Systematical and complete studies
of all possibilities have been performed for both the lepton sector [54] and quark sector [55]. For
recent review on texture zeros we refer the reader to [56, 57]. The homogeneous finite modular
group Γ′N is the double covering of the inhomogeneous finite modular group ΓN , and Γ
′
N has
twice as many elements as ΓN . Besides the irreducible representations of ΓN , Γ
′
N has other new
representations [48]. The even weight modular forms of level N can be arranged into the irreducible
representations of ΓN up to the automorphy factor [10], while the odd weight modular forms of
level N are arranged into the new representations of Γ′N [48]. In this work, we shall show that the
above structure of modular forms can naturally produce texture zeros of the fermion mass matrices
if we properly assign the representations and weights of the matter fields under the modular group.
In this sense, the modular invariance approach has the merits of both abelian flavor symmetry and
discrete non-abelian flavor symmetry.
In the present paper, we shall use the modular forms of level 3 to show concrete examples. In
addition to the representations 1, 1′, 1′′ and 3 of Γ3 ∼= A4, Γ′3 ∼= T ′ has three doublet representations
2, 2′ and 2′′. The even weight modular forms of level 3 transform as singlets and triplets of
Γ′3 while the odd weight modular forms of level 3 arrange into Γ′3 doublets. We will perform a
comprehensive analysis of possible texture zeros of the quark mass matrices with the introduction
of the T ′ modular symmetry. Since the mass of the third generation quark is much heavier than
the first two generations, we shall assume that the three generations of the left-handed quark fields
transform as a doublet and a singlet under T ′ modular symmetry, while the right-handed quark
fields can be assigned to a direct sum of T ′ doublet and singlet or they could be three singlets of
T ′.
This paper is structured as follows: in section 2 we briefly review the basic aspects of modular
symmetry and give the expressions of the modular forms of level 3. In section 3, we present the
possible structures and texture zeros of the quark mass matrices if both left-handed and right-
handed quark fields are assigned to direct sum of singlet and double representations of T ′. The
texture zero structures of the quark mass matrices for singlet assignments of right-handed quark
fields are given in section 4. Furthermore, in section 5 we give five benchmark quark models which
leads to up and down quark mass matrices with texture zeros. These models contain only ten or
eleven independent real parameters, and they produce excellent fit to the data of quark masses and
CKM mixing matrix. In section 6 we include the lepton sector to give a unified description of both
quark and lepton masses and flavor mixing simultaneously. The number of free parameters is less
than observables in the resulting models. Finally we conclude and draw our conclusions in section 7.
We give the representation matrices of the generators of T ′ group and the Clebsch-Gordan (CG)
coefficients in our basis in the Appendix A. The modular forms of higher weights k = 5, 6, 7, 8 and
level 3 are collected in the Appendix B.
2 Modular symmetry and modular forms of level N = 3
The modular group Γ can be regarded as the group of linear fraction transformations acting on
the complex modulus τ with Imτ > 0,
τ → γτ = aτ + b
cτ + d
, a, b, c, d ∈ Z, ad− bc = 1 . (1)
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Obviously the linear fraction transformation aτ+bcτ+d is identical to
−aτ−b
−cτ−d . Therefore the modular
group Γ is isomorphic to PSL(2,Z) = SL(2, Z)/{I,−I}, where SL(2,Z) is the group of 2 × 2
matrices with integer entries and determinant 1, and I refers to the two-dimensional unit matrix.
The modular group has infinite elements, and it can be generated by two transformations S and T ,
S : τ → −1
τ
, T : τ → τ + 1 , (2)
which fulfill the following relations
S2 = (ST )3 = 1 (3)
and also (TS)3 = 1 which is equivalent to (ST )3 = 1 if S2 = 1. Let N be a positive integer. The
principal congruence subgroup of level N is
Γ(N) =
{(
a b
c d
)
∈ SL(2,Z),
(
a b
c d
)
=
(
1 0
0 1
)
(mod N)
}
, (4)
which is infinite normal subgroup of SL(2,Z). It is obvious that Γ(1) ∼= SL(2,Z). We define
Γ(N) = Γ(N)/{I,−I} for N = 1, 2 and Γ(N) = Γ(N) for N > 2 since the element −I doesn’t
belong to Γ(N) for N > 2. Note Γ(1) ∼= PSL(2,Z) ≡ Γ. The inhomogeneous finite modular groups
are defined as the quotient groups ΓN ≡ Γ/Γ(N). Because the element TN belongs to Γ(N), the
finite modular group ΓN can be generated by S and T obeying the relations [58]
S2 = (ST )3 = TN = 1 . (5)
The groups ΓN for N = 2, 3, 4, 5 are isomorphic to S3, A4, S4 and A5 respectively. Additional
relations besides these in Eq. (5) are necessary in order to render the group finite for N > 5. The
homogeneous finite modular groups are the quotient groups Γ′N ≡ SL(2,Z)/Γ(N), and they can
generated by three generators S, T and R which satisfy [48]
S2 = R, (ST )3 = TN = R2 = 1, RT = TR (6)
and additional constraints should be imposed for N > 5. The group Γ′2 is isomorphic to S3, and
Γ′N is the double covering of ΓN , and it has twice as many elements as ΓN . In the present work,
we shall focus on Γ′3 which is the double covering of A4 and is isomorphic to the binary tetrahedral
group T ′.
Modular forms of weight k and level N are holomorphic functions f(τ) which transforms under
the action of Γ(N) in the following way,
f (γτ) = (cτ + d)kf(τ), γ =
(
a b
c d
)
∈ Γ(N) , (7)
where k is a generic non-negative integer. The modular forms of weight k and level N span a linear
space of finite dimension. As shown in [48], the modular forms can be organized into some modular
multiplets fr ≡ (f1(τ), f2(τ), ...)T which transform as certain irreducible representation r of the
finite modular group Γ′N [10, 48], i.e.
fr(γτ) = (cτ + d)
kρr(γ)fr(τ) for ∀ γ ∈ SL(2,Z) , (8)
where γ is the representative element of the coset γΓ(N) in Γ′N , and ρr(γ) is the representation
matrix of the element γ in the irreducible representation r.
2.1 Modular forms of level 3
The linear space of modular forms of weight k and level 3 has dimension k + 1. The modular
forms of level 3 has been constructed in terms of the Dedekind eta function η(τ) [48]. There are
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two linearly independent modular forms of the lowest weight 1 with k = 1, and they can arrange
into a doublet 2 of T ′,
Y
(1)
2 (τ) ≡
(
Y
(1)
2,1 (τ)
Y
(1)
2,2 (τ)
)
=
(√
2ei7pi/12
η3(3τ)
η(τ)
,
η3(3τ)
η(τ)
− 1
3
η3(τ/3)
η(τ)
)T
. (9)
Note the overall coefficient of Y
(1)
2 can not be uniquely determined. We shall also denote Y
(1)
2,1 (τ) =
Y1(τ) and Y
(1)
2,2 (τ) = Y2(τ) for notation simplicity in the following. The doublet modular forms
Y
(1)
2,1 and Y
(1)
2,2 have the following q−expansions,
Y
(1)
2,1 (τ) =
√
2e7pii/12q1/3(1 + q + 2q2 + 2q4 + q5 + 2q6 + q8 + 2q9 + 2q10 + . . .),
Y
(1)
2,2 (τ) = 1/3 + 2q + 2q
3 + 2q4 + 4q7 + 2q9 + 2q12 + . . . , (10)
with q = e2piiτ . The modular forms of higher weights can be constructed from the tensor products
of Y
(1)
2 . There are three linearly independent weight 2 modular forms which can be arranged into
a T ′ triplet,
Y
(2)
3 ≡
Y
(2)
3,1 (τ)
Y
(2)
3,2 (τ)
Y
(2)
3,3 (τ)
 =
 eipi/6Y 22√2ei7pi/12Y1Y2
Y 21
 (11)
At weight 3, we have four independent modular forms which can be decomposed into two doublets
transforming in the representations 2 and 2′′ of T ′,
Y
(3)
2 ≡
(
Y
(3)
2,1
Y
(3)
2,2
)
=
(
3eipi/6Y1Y
2
2√
2ei5pi/12Y 31 − eipi/6Y 32
)
,
Y
(3)
2′′ ≡
(
Y
(3)
2′′,1
Y
(3)
2′′,2
)
=
(
Y 31 + (1− i)Y 32
−3Y2Y 21
)
. (12)
The modular forms of weight 4 can be obtained from the contractions of Y
(1)
2 and Y
(3)
2 , Y
(3)
2′′ , and
they decompose as 3⊕ 1⊕ 1′ under T ′,
Y
(4)
1 =
(
Y
(1)
2 Y
(3)
2′′
)
1
= −4Y 31 Y2 − (1− i)Y 42 ,
Y
(4)
1′ =
(
Y
(1)
2 Y
(3)
2
)
1′
=
√
2ei5pi/12Y 41 − 4eipi/6Y1Y 32 ,
Y
(4)
3 ≡
Y
(4)
3,1
Y
(4)
3,2
Y
(4)
3,3
 =
√2ei7pi/12Y 31 Y2 − eipi/3Y 42−Y 41 − (1− i)Y1Y 32
3eipi/6Y 21 Y
2
2
 . (13)
The analytical expressions of modular forms of weights 5, weight 6, weight 7 and weight 8 are
reported in Appendix B. The modular multiplets of level 3 at different weights are summarized in
table 1. It is remarkable that the odd weight modular forms always transform in the doublet irre-
ducible representations 2, 2′ and 2′′ of T ′, while the even weight modular forms arrange themselves
into T ′ triplet 3 and singlets 1, 1′ and 1′′ which are identical with the representation matrices of
A4 in our working basis. This interesting structure of modular forms can help to produce texture
zeros of the quark mass matrix, as we shall show in the following.
We shall formulate our models in the framework of N = 1 global supersymmetry. In modular
invariant theory, it is generally assumed that the chiral supermultiplet ΦI carries a modular weight
−kI and transforms according to certain representation ρI of Γ′N [10, 59,60],
τ → γτ = aτ + b
cτ + d
, ΦI → (cτ + d)−kIρI(γ)ΦI (14)
5
Modular weight k Modular form Y
(k)
r
k = 1 Y
(1)
2
k = 2 Y
(2)
3
k = 3 Y
(3)
2 , Y
(3)
2′′
k = 4 Y
(4)
1 , Y
(4)
1′ , Y
(4)
3
k = 5 Y
(5)
2 , Y
(5)
2′ , Y
(5)
2′′
k = 6 Y
(6)
1 , Y
(6)
3I , Y
(6)
3II
k = 7 Y
(7)
2I , Y
(7)
2II , Y
(7)
2′ , Y
(7)
2′′
k = 8 Y
(8)
1 , Y
(8)
1′ , Y
(8)
1′′ , Y
(8)
3I , Y
(8)
3II
Table 1: Summary of modular forms of level 3 up to weight 8, the subscript r denote the transformation property under
T ′ modular symmetry. Here Y (6)3I and Y
(6)
3II stand for two weight 6 modular forms transforming in the representation
3 of T ′. Similar conventions are adopted for Y (7)2I , Y
(7)
2II and Y
(8)
3I , Y
(8)
3II .
In the present, we choose a minimal form of the Ka¨hler potential,
K(τ, τ ,ΦI ,ΦI) = −h log(−iτ + iτ) +
∑
I
|ΦI |2
(−iτ + iτ)kI (15)
which is invariant up to a Ka¨hler transformation under the modular transformations given in
Eq. (14), and h is a positive constant. As regards the superpotential W(τ,ΦI), it can be expanded
in power series of the supermultiplets ΦI as follow,
W(τ,ΦI) =
∑
n
YI1...In(τ)ΦI1 . . .ΦIn , (16)
where the function YI1...In(τ) should be modular forms of weight kY and level N , and should
transform in the representation ρY of Γ
′
N ,
τ → γτ = aτ + b
cτ + d
, YI1...In(τ)→ YI1...In(γτ) = (cτ + d)kY ρY (γ)YI1...In(τ) . (17)
The requirement that W is invariant under the modular transformation entails kY and ρY should
fulfill the following constraints
kY = kI1 + kI1 + . . .+ kIn , ρY ⊗ ρI1 ⊗ . . . ρIn ⊃ 1 , (18)
where 1 denotes the invariant singlet representation of Γ′N . In the following, we shall investigate
the possible texture zero structures of the quark mass matrix for the assignments that the three
generations of the right-handed quark fields transform as a doublet and a singlet under T ′ modular
symmetry or they are three singlets of T ′.
3 Quark mass matrices for doublet plus singlet assignments of the
right-handed quarks
In this case, both left-handed and right-handed quark fields transform as a direct sum of one-
dimensional representation and two-dimensional representation of T ′ modular group, i.e.
QD ≡
(
Q1
Q2
)
∼ 2i, Q3 ∼ 1j , qcD ≡
(
qc1
qc2
)
∼ 2k, qc3 ∼ 1l , (19)
where i, j, k, l = 0, 1, 2 and we have denoted 1 ≡ 10, 1′ ≡ 11, 1′′ ≡ 12 for singlet representations
and 2 ≡ 20, 2′ ≡ 21, 2′′ ≡ 22 for the doublet representations. The notations Qi and qci (i = 1, 2, 3)
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stand for the left-handed and right-handed quark fields respectively, and qci can be either up type
quark fields uci or down type quark fields d
c
i . We denote the modular weights of QD, Q3, q
c
D and
qc3 as kQD , kQ3 , kqcD and kq
c
3
respectively in the following, and the modular weights of the Higgs
doublets Hu,d are assumed to be vanishing. Thus the most general form of the superpotential for
the quark masses is given by
Wq = qcDQDHu/dfDD(Y ) + qcDQ3Hu/dfD3(Y ) + qc3QDHu/df3D(Y ) + qc3Q3Hu/df33(Y ) , (20)
where fDD(Y ), fD3(Y ), f3D(Y ) and f33(Y ) are general functions of modular forms, and their
explicit forms depend on the group indices i, j, k, l and the modular weights of the quark fields.
The coupling constants in front of each term are neglected in Eq. (20). The Higgs field in Eq. (20)
is Hu for up type quark fields u
c and it is Hd for down type quark fields d
c. Each term of Eq. (20)
should be a singlet under T ′, and its modular weight should be zero. Moreover, from Eq. (20) we
see that the quark mass matrix can be divided into four blocks as follow,
Mq =
 S
... C
· · · · · · · · ·
R
... T
 vu/d , (21)
where vu/d is the vacuum expectation value (VEV) of the Higgs field Hu/d, and the quark mass
matrix Mq is given in the right-left basis, q
c
i (Mq)ijQj , S, C, R and T are 2 × 2, 2 × 1, 1 × 2
and 1 × 1 sub-matrices respectively. Notice that we can assign the first generation or the second
generation quark field instead of the third generation to be a singlet under T ′ while the remaining
two generations transform as a T ′ doublet, the corresponding quark mass matrix can be obtained
by multiplying certain permutation matrices from both sides. As a consequence, the results for
the quark masses and mixing matrix are not changed. Using the Kronecker products and the CG
coefficients of T ′ given in Appendix A, we can find out the explicit forms of S, C, R and T , and
each matrix element can be expressed in terms of modular form. In order to introduce as few free
parameters as possible, we shall be concerned with modular forms up to weight 6 in the present
work, and higher weight modular forms can be discussed in a similar way.
3.1 General structure of S
This 2 × 2 submatrix is determined by the representations 2i and 2k as well as the modular
weights kQD and kqcD . Modular invariance requires that fDD(Y ) should be a modular form in the
triplet representation 3 or singlet representations 1, 1′, 1′′ of T ′. Hence S would be vanishing
if kqcD + kQD is odd. As a consequence, the rank of the quark mass matrix would be less than
three and at least one quark is massless which is disfavored by experimental data. For all possible
assignments of 2i and 2k, we can find out the following possible structures for the 2× 2 submatrix
S.
• 2i ⊗ 2k = 2⊗ 2 = 2′ ⊗ 2′′ = 3⊕ 1′
In this case, if the summation of the modular weights kQD and kqcD is equal to 2, i.e. kq
c
D
+
kQD = 2, fDD(Y ) would be uniquely proportional to the weight two modular form Y
(2)
3 =
(Y
(2)
3,1 , Y
(2)
3,2 , Y
(2)
3,3 )
T which couples to qcD and QD to form a modular invariant singlet. From the
CG coefficients of T ′ given in Appendix A, we can straightforwardly read out the general form
of S as follows,
S1 =
(
κ
√
2e
i5pi
12 Y
(2)
3,2 −κY (2)3,3
−κY (2)3,3 κ
√
2e
i7pi
12 Y
(2)
3,1
)
, (22)
which is a symmetric matrix, and κ is in general a complex Yukawa coupling parameter. In the
case of kqcD+kQD = 4, fDD(Y ) would be the weight four modular form Y
(4)
3 = (Y
(4)
3,1 , Y
(4)
3,2 , Y
(4)
3,3 )
T ,
and the submatrix S reads as
S2 =
(
κ
√
2e
i5pi
12 Y
(4)
3,2 −κY (4)3,3
−κY (4)3,3 κ
√
2e
i7pi
12 Y
(4)
3,1
)
. (23)
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We have two independent modular forms Y
(6)
3I and Y
(6)
3II at weight six, as shown in table 1. Thus
fDD(Y ) is a linear combination of Y
(6)
3I and Y
(6)
3II for kqcD + kQD = 6, and we have
S3 =
(√
2e
i5pi
12 (κ1Y
(6)
3I,2 + κ2Y
(6)
3II,2) −(κ1Y (6)3I,3 + κ2Y (6)3II,3)
−(κ1Y (6)3I,3 + κ2Y (6)3II,3)
√
2e
i7pi
12 (κ1Y
(6)
3I,1 + κ2Y
(6)
3II,1)
)
, (24)
where κ1 and κ2 are complex free parameters.
• 2i ⊗ 2k = 2⊗ 2′ = 2′′ ⊗ 2′′ = 3⊕ 1′′
In this case, fDD(Y ) has to be modular form transforming as 3 or 1
′ in order to fulfill modular
invariance. Hence fDD(Y ) is proportional to Y
(2)
3 for the value kqcD + kQD = 2, and S is of the
following form
S4 =
(
κ
√
2e
i5pi
12 Y
(2)
3,1 −κY (2)3,2
−κY (2)3,2 κ
√
2e
i7pi
12 Y
(2)
3,3
)
. (25)
For the value of kqcD +kQD = 4, both Y
(4)
3 and Y
(4)
1′ can contribute to the quark mass terms, and
the submatrix S is given by
S5 =
(
κ1
√
2e
i5pi
12 Y
(4)
3,1 κ2Y
(4)
1′ − κ1Y (4)3,2
−κ2Y (4)1′ − κ1Y (4)3,2 κ1
√
2e
i7pi
12 Y
(4)
3,3
)
, (26)
which is not a symmetric matrix because of the term κ2(q
c
DQD)1′′Y
(4)
1′ Hu/d. Similarly for kqcD +
kQD = 6, both Y
(6)
3I and Y
(6)
3II are relevant, and we find
S6 =
(√
2e
i5pi
12 (κ1Y
(6)
3I,1 + κ2Y
(6)
3II,1) −(κ1Y (6)3I,2 + κ2Y (6)3II,2)
−(κ1Y (6)3I,2 + κ2Y (6)3II,2)
√
2e
i7pi
12 (κ1Y
(6)
3I,3 + κ2Y
(6)
3II,3)
)
. (27)
• 2i ⊗ 2k = 2⊗ 2′′ = 2′ ⊗ 2′ = 3⊕ 1
If the modular weights satisfy kqcD + kQD = 2, the mass term of the first two generation quarks
is given by κ(qcDQDY
(2)
3 )1Hu/d which gives rise to
S7 =
(
κ
√
2e
i5pi
12 Y
(2)
3,3 −κY (2)3,1
−κY (2)3,1 κ
√
2e
i7pi
12 Y
(2)
3,2
)
. (28)
For kqcD + kQD = 4, fDD(Y ) can be the weight 4 modular forms Y
(4)
3 and Y
(4)
1 . We can read out
the general form of the submatrix S as follow,
S8 =
(
κ1
√
2e
i5pi
12 Y
(4)
3,3 κ2Y
(4)
1 − κ1Y (4)3,1
−κ2Y (4)1 − κ1Y (4)3,1 κ1
√
2e
i7pi
12 Y
(4)
3,2
)
. (29)
For the value of kqcD + kQD = 6, all the three weight 6 modular forms Y
(6)
3I , Y
(6)
3II and Y
(6)
1 are
relevant, and S is given by
S9 =
( √
2e
i5pi
12 (κ1Y
(6)
3I,3 + κ2Y
(6)
3II,3) −(κ1Y (6)3I,1 + κ2Y (6)3II,1) + κ3Y (6)1
−(κ1Y (6)3I,1 + κ2Y (6)3II,1)− κ3Y (6)1
√
2e
i7pi
12 (κ1Y
(6)
3I,2 + κ2Y
(6)
3II,2)
)
. (30)
We summarized all the above possible forms of the submatrix S for different assignments of 2i,
2k and the modular weights kQD , kqcD in table 2.
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Expressions of S Constraints
S0
(
0 0
0 0
)
kqcD + kQD = 0, 1, 3, 5, . . .
S1
(
κ
√
2e
i5pi
12 Y
(2)
3,2 −κY (2)3,3
−κY (2)3,3 κ
√
2e
i7pi
12 Y
(2)
3,1
)
kqcD + kQD = 2, k + i = 0 (mod 3)
S2
(
κ
√
2e
i5pi
12 Y
(4)
3,2 −κY (4)3,3
−κY (4)3,3 κ
√
2e
i7pi
12 Y
(4)
3,1
)
kqcD + kQD = 4, k + i = 0 (mod 3)
S3
(√
2e
i5pi
12 (κ1Y
(6)
3I,2 + κ2Y
(6)
3II,2) −(κ1Y (6)3I,3 + κ2Y (6)3II,3)
−(κ1Y (6)3I,3 + κ2Y (6)3II,3)
√
2e
i7pi
12 (κ1Y
(6)
3I,1 + κ2Y
(6)
3II,1)
)
kqcD + kQD = 6, k + i = 0 (mod 3)
S4
(
κ
√
2e
i5pi
12 Y
(2)
3,1 −κY (2)3,2
−κY (2)3,2 κ
√
2e
i7pi
12 Y
(2)
3,3
)
kqcD + kQD = 2, k + i = 1 (mod 3)
S5
(
κ1
√
2e
i5pi
12 Y
(4)
3,1 κ2Y
(4)
1′ − κ1Y (4)3,2
−κ2Y (4)1′ − κ1Y (4)3,2 κ1
√
2e
i7pi
12 Y
(4)
3,3
)
kqcD + kQD = 4, k + i = 1 (mod 3)
S6
(√
2e
i5pi
12 (κ1Y
(6)
3I,1 + κ2Y
(6)
3II,1) −(κ1Y (6)3I,2 + κ2Y (6)3II,2)
−(κ1Y (6)3I,2 + κ2Y (6)3II,2)
√
2e
i7pi
12 (κ1Y
(6)
3I,3 + κ2Y
(6)
3II,3)
)
kqcD + kQD = 6, k + i = 1 (mod 3)
S7
(
κ
√
2e
i5pi
12 Y
(2)
3,3 −κY (2)3,1
−κY (2)3,1 κ
√
2e
i7pi
12 Y
(2)
3,2
)
kqcD + kQD = 2, k + i = 2 (mod 3)
S8
(
κ1
√
2e
i5pi
12 Y
(4)
3,3 κ2Y
(4)
1 − κ1Y (4)3,1
−κ2Y (4)1 − κ1Y (4)3,1 κ1
√
2e
i7pi
12 Y
(4)
3,2
)
kqcD + kQD = 4, k + i = 2 (mod 3)
S9
( √
2e
i5pi
12 (κ1Y
(6)
3I,3 + κ2Y
(6)
3II,3) −(κ1Y (6)3I,1 + κ2Y (6)3II,1) + κ3Y (6)1
−(κ1Y (6)3I,1 + κ2Y (6)3II,1)− κ3Y (6)1
√
2e
i7pi
12 (κ1Y
(6)
3I,2 + κ2Y
(6)
3II,2)
)
kqcD + kQD = 6, k + i = 2 (mod 3)
Table 2: The possible structures of the submatrix S, where the left-handed quark doublet QD and the right-handed
quark field qcD are assigned to transformed as 2
i and 2k respectively under T ′ modular symmetry, and their modular
weights are denoted as kQD and kqcD respectively.
3.2 General structures of C and R
The submatrix C comprises the (13) and (23) entries of the quark mass matrix Mq, and it is
determined by the modular form fD3(Y ). Once the assignments for 2
k, 1j and the modular weights
kqcD and kQ3 are specified, we can easily read out fD3(Y ) and the explicit form of C. The modular
invariance requires that qcD, Q3 and fD3(Y ) should contract into a T
′ singlet. From the Kronecker
products 1a ⊗ 2b = 2a+b (mod 3) in Eq. (A.2), we know that fD3(Y ) has to be a modular form
transforming as 22−a−b (mod 3). As shown in table 1, the modular weights of the doublet modular
forms must be odd. Therefore the sum kqcD +kQ3 should be an odd integer otherwise the submatrix
C would be zero. We find that C is vanishing exactly if any of the following conditions are fulfilled,
kqcD + kQ3 = 0, 2, 4, 6, . . . ,
or kqcD + kQ3 = 1 with 2
k ⊗ 1j = 2 or 2′ ,
or kqcD + kQ3 = 3 with 2
k ⊗ 1j = 2′ . (31)
In the case that C is non-vanishing, it can take the following nontrivial forms.
• 2k ⊗ 1j = 2 for k + j = 0 (mod 3)
In this case, fD3(Y ) should be modular form transforming as 2
′′ under T ′. From table 1, we see
that modular forms in the representation 2′′ appear at weight 3 and weight 5. For kqcD +kQ3 = 3,
fD3(Y ) is proportional to Y
(3)
2′′ ≡ (Y (3)2′′,1, Y (3)2′′,2)T , and the corresponding structure of C is given
by
C1 = (κY
(3)
2′′,2, − κY (3)2′′,1)T . (32)
For kqcD + kQ3 = 5, we can easily read out the submatrix C as follow,
C2 = (κY
(5)
2′′,2,−κY (5)2′′,1)T . (33)
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Expressions of C Constraints Expressions of R Constraints
C0 (0, 0)
T
i): kqcD + kQ3 = 0, 2, 4, 6, . . .
R0 (0, 0)
i): kqc3 + kQD = 0, 2, 4, 6, . . .
ii): kqcD + kQ3 = 1, k + j = 0, 1 (mod 3) , ii): kq
c
3
+ kQD = 1, l + i = 0, 1 (mod 3) ,
iii): kqcD + kQ3 = 3, k + j = 1 (mod 3) . iii): kq
c
3
+ kQD = 3, l + i = 1 (mod 3) .
C1 (κY
(3)
2′′,2,−κY (3)2′′,1)T kqcD + kQ3 = 3, k + j = 0 (mod 3) R1 (κY
(3)
2′′,2,−κY (3)2′′,1) kqc3 + kQD = 3, l + i = 0 (mod 3)
C2 (κY
(5)
2′′,2,−κY (5)2′′,1)T kqcD + kQ3 = 5, k + j = 0 (mod 3) R2 (κY
(5)
2′′,2,−κY (5)2′′,1) kqc3 + kQD = 5, l + i = 0 (mod 3)
C3 (κY
(5)
2′,2,−κY (5)2′,1)T kqcD + kQ3 = 5, k + j = 1 (mod 3) R3 (κY
(5)
2′,2,−κY (5)2′,1) kqc3 + kQD = 5, l + i = 1 (mod 3)
C4 (κY
(1)
2,2 ,−κY (1)2,1 )T kqcD + kQ3 = 1, k + j = 2 (mod 3) R4 (κY
(1)
2,2 ,−κY (1)2,1 ) kqc3 + kQD = 1, l + i = 2 (mod 3)
C5 (κY
(3)
2,2 ,−κY (3)2,1 )T kqcD + kQ3 = 3, k + j = 2 (mod 3) R5 (κY
(3)
2,2 ,−κY (3)2,1 ) kqc3 + kQD = 3, l + i = 2 (mod 3)
C6 (κY
(5)
2,2 ,−κY (5)2,1 )T kqcD + kQ3 = 5, k + j = 2 (mod 3) R6 (κY
(5)
2,2 ,−κY (5)2,1 ) kqc3 + kQD = 5, l + i = 2 (mod 3)
Table 3: The structures of the submatrix C and R for different possible values of modular weights and the assignments
of the quark fields qcD, q
c
3, QD, Q3 under the finite modular group T
′.
• 2k ⊗ 1j = 2′ for k + j = 1 (mod 3)
The modular form fD3(Y ) should transform as 2
′ for this assignment. As shown in table 1, the
lowest weight modular form in the doublet representation 2′ is Y (5)2′ = (Y
(5)
2′,1, Y
(5)
2′,2)
T . Accordingly
the relevant quark mass term is (qcDQ3Y
(5)
2′ )1Hu/d for kqcD + kQ3 = 5, and the block C is of the
following form,
C3 = (κY
(5)
2′,2,−κY (5)2′,1)T . (34)
• 2k ⊗ 1j = 2′′ for k + j = 2 (mod 3)
A modular form transforming in the doublet representation 2 of T ′ is necessary in order to
form an invariant singlet in this case. There are three modular forms Y
(1)
2 = (Y
(1)
2,1 , Y
(1)
2,2 )
T ,
Y
(3)
2 = (Y
(3)
2,1 , Y
(3)
2,2 )
T and Y
(5)
2 = (Y
(5)
2,1 , Y
(5)
2,2 )
T transforming as 2. For the value of kqcD + kQ3 = 1,
Y
(1)
2 is involved, and we find the submatrix C is
C4 = (κY
(1)
2,2 ,−κY (1)2,1 )T . (35)
For kqcD + kQ3 = 3, the modular form fD3(Y ) is Y
(3)
2 , and C take the form
C5 = (κY
(3)
2,2 ,−κY (3)2,1 )T . (36)
Similarly for kqcD + kQ3 = 5, the submatrix C reads as
C6 = (κY
(5)
2,2 ,−κY (5)2,1 )T . (37)
In the exactly same fashion, we can fix the possible structures of the submatrix R, and the
results are summarized in table 3.
3.3 General structure of T
T is the (33) entry of the quark mass matrix, it would be non-zero if any of the following three
conditions are satisfied,
kqc3 + kQ3 = 0 , with 1
l ⊗ 1j = 1 ,
or kqc3 + kQ3 = 4 , with 1
l ⊗ 1j = 1 or 1′′ ,
or kqc3 + kQ3 = 6 , with 1
l ⊗ 1j = 1 .
(38)
Considering the free coupling constant associated with the term qc3Q3Hu/df33(Y ), the above three
cases essentially give the same prediction for T . Moreover, the element T would be exactly vanishing
for
kqc3 + kQ3 = 1, 2, 3, 5 ,
or kqc3 + kQ3 = 4 , with 1
l ⊗ 1j = 1′ ,
or kqc3 + kQ3 = 0, 6 , with 1
l ⊗ 1j = 1′ or 1′′ ,
(39)
up to weight 6 modular forms.
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3.4 Possible structures of quark mass matrix
Combining the possible forms of the submatrices S, C, R and T summarized in table 2 and
table 3 , we can straightforwardly obtain the quark mass matrix. It is well established that no quark
is massless, therefore we only consider the quark mass matrices with non-vanishing determinant in
this paper. As a result, we find that the quark mass matrix can take the following four possible
structures with texture zeros,
Case A :
× × 0× × 0
0 0 ×
 , Case B :
× × ×× × ×
0 0 ×
 ,
Case C :
× × 0× × 0
× × ×
 , Case D :
× × ×× × ×
× × 0
 ,
(40)
where a cross denotes a non-vanishing entry. It is remarkable that the non-vanishing elements are
correlated with each other in the present approach.
4 Quark mass matrices for singlet assignments of the right-handed
quarks
In this section, we shall consider another case in which the three generations of left-handed
quarks are assigned to a direct sum of doublet and singlet of T ′ while the three generations of
right-handed quarks are assumed to transform as one-dimensional representations of the T ′ modular
group, i.e.
QD ≡
(
Q1
Q2
)
∼ 2i, Q3 ∼ 1j , qca ∼ 1la with a = 1, 2, 3 , (41)
where i, j, l1,2,3 = 0, 1, 2 with 1 ≡ 10, 1′ ≡ 11, 1′′ ≡ 12 for singlet representations and 2 ≡ 20,
2
′ ≡ 21, 2′′ ≡ 22 for the doublet representations. Thus the most general superpotential for the
quark masses is given by
Wq =
3∑
a=1
qcaQDHu/dfaD(Y ) + q
c
aQ3Hu/dfa3(Y ) , (42)
where we have suppressed all coupling constants. As a consequence, we can divide the quark mass
matrix Mq into six parts as follow,
Mq =
R′1 C ′1R′2 C ′2
R′3 C ′3
 , (43)
where R′1,2,3 and C ′1,2,3 are 1×2 and 1×1 sub-matrices respectively, and they are determined by the
modular forms faD(Y ) and fa3(Y ). We shall not discuss explicitly the case where the left-handed
quarks transform as three one-dimensional representations of T ′ with the right-handed quark fields
assigned to a singlet and a doublet under T ′, since we only need to transpose the mass matrix in
Eq. (43) to switch the transformation properties of left-handed and right-handed quarks.
4.1 General structures of R′a and C
′
a
It is easy to say that modular invariance requires the the modular form faD(Y ) should in the
doublet representations 22−la−i (mod 3) of T ′, and its modular weight should be kqca + kQD . The
submatrix R′a would be vanishing exactly, if any of the following relations is satisfied
kqca + kQD = 0, 2, 4, . . . ,
or kqca + kQD = 1, i+ la = 1, 2 (mod 3) ,
or kqca + kQD = 3, i+ la = 1 (mod 3) .
(44)
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Depending on the assignments 2i, 1la and the modular weights kqca , kQD , R
′
a can take the following
nontrivial forms.
• 2i ⊗ 1la = 2 with i+ la = 0 (mod 3)
In this case, faD(Y ) should be in the representation 2
′′, and it can be either Y (3)2′′ or Y
(5)
2′′ up to
weight 6. For kqca + kQD = 3, we can read out the submatrix R
′
a as
R′a,1 = (κY
(3)
2′′,2,−κY (3)2′′,1) . (45)
For kqca + kQD = 5, R
′
a is of the form,
R′a,2 = (κY
(5)
2′′,2,−κY (5)2′′,1) . (46)
• 2i ⊗ 1la = 2′ with i+ la = 1 (mod 3)
If we only consider the modular forms with modular weight less than seven, then faD(Y ) would
be proportional to Y
(5)
2′ , and R
′
a takes the following form,
R′a,3 = (κY
(5)
2′,2,−κY (5)2′,1) . (47)
• 2i ⊗ 1la = 2′′ with i+ la = 2 (mod 3)
The modular invariance requires that faD(Y ) should transform as the doublet representation
2 of T ′. For kqca + kQD = 1, the quark mass Yukawa term is κq
c
aQDY
(1)
2 Hu/d such that the
submatrix R′a is given by
R′a,4 = (κY
(1)
2,2 ,−κY (1)2,1 ) . (48)
For kqca + kQD = 3, we can read out R
′
a as
R′a,5 = (κY
(3)
2,2 ,−κY (3)2,1 ) . (49)
For kqca+kQD = 5, the weight 5 modular form Y
(5)
2 = (Y
(5)
2,1 , Y
(5)
2,2 )
T is involved, and the submatrix
R′a is
R′a,6 = (κY
(5)
2,2 ,−κY (5)2,1 ) . (50)
All the above possible forms of R′a are summarized in table 4.
Since both qca and Q3 are assigned to singlet representations 1
la and 1j respectively, the modular
form fa3(Y ) in the last term of Eq. (42) should transform as singlet 1
3−la−j (mod 3) under the T ′
modular group. Analogous to previous cases, we find the element C ′a would be non-zero for
kqca + kQ3 = 0, j + la = 0 (mod 3) ,
or kqca + kQ3 = 4, j + la = 0, 2 (mod 3) ,
or kqca + kQ3 = 6, j + la = 0 (mod 3) ,
(51)
otherwise C ′a would be vanishing exactly in particular when the summation of modular weights
kqca + kQ3 is an odd integer.
4.2 Possible structures of quark mass matrix
Given the possible forms of R′a listed in table 4, we find that the quark mass matrix can take
the following five possible structures with texture zeros,
Case A :
× × 0× × 0
0 0 ×
 , Case B :
× × ×× × ×
0 0 ×
 ,
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Expressions of R′a Constraints
R′a,0 (0, 0)
i): kqca + kQD = 0, 2, 4, 6, . . . ,
ii): kqca + kQD = 1, i+ la = 0, 1 (mod 3) ,
iii): kqca + kQD = 3, i+ la = 1 (mod 3) .
R′a,1 (κY
(3)
2′′,2,−κY (3)2′′,1) kqca + kQD = 3, i+ la = 0 (mod 3)
R′a,2 (κY
(5)
2′′,2,−κY (5)2′′,1) kqca + kQD = 5, i+ la = 0 (mod 3)
R′a,3 (κY
(5)
2′,2,−κY (5)2′,1) kqca + kQD = 5, i+ la = 1 (mod 3)
R′a,4 (κY
(1)
2,2 ,−κY (1)2,1 ) kqca + kQD = 1, i+ la = 2 (mod 3)
R′a,5 (κY
(3)
2,2 ,−κY (3)2,1 ) kqca + kQD = 3, i+ la = 2 (mod 3)
R′a,6 (κY
(5)
2,2 ,−κY (5)2,1 ) kqca + kQD = 5, i+ la = 2 (mod 3)
Table 4: The structures of the submatrix R′a for different possible values of modular weights and the assignments
of the quark fields qca, QD under the finite modular group T
′.
Case C :
× × 0× × 0
× × ×
 , Case D :
× × ×× × ×
× × 0
 ,
Case E :
× × 0× × ×
0 0 ×
 , (52)
up to row and column permutations. The symbol ”×” denote nonzero matrix element, and we have
neglected the quark mass matrices with zero determinant in Eq. (52). If the we interchange the
assignments for the left-handed and right-handed quark fields in Eq. (41), another new texture of
quark mass matrix can be obtained
Case F :
× × 0× × 0
0 × ×
 . (53)
5 Phenomenologically viable models for quark masses and CKM
mixing
As shown in section 3 and section 4, both up quark and down quark mass matrices can take
six possible textures with zero elements: Case A, Case B, Case C, Case D, Case E and Case F
given in Eqs. (40, 52, 53), if we properly assign the modular weights of the quark fields and their
transformation properties under T ′. Combining the up quark sector with the down quark sector,
we can obtain the possible up quark and down quark mass matrices predicted by T ′ modular
symmetry. We find that many cases can accommodate the experimental data on quark masses
and CKM mixing matrix, and the resulting predictions for quark mass matrices can be classified
according to the number of zero elements and the number of involved free parameters. In order to
show concrete examples, we shall present five interesting models for quarks in the following.
Model I: 7 zero elements and 10 free parameters
The classification of the quark fields under the standard model gauge symmetry and T ′ modular
symmetry are listed in table 5. The quark SU(2) doublets are assigned to doublet and singlet
QD ∼ 2, Q3 ∼ 1′, the up type quark SU(2) singlets uc, cc and tc are assigned to 1′′, 1 and 1′′
respectively, and the right-handed down type quarks are assumed to transform as doublet and
singlet dcD ≡ (dc, sc) ∼ 2′′, bc ∼ 1′′. Then we can read out the modular invariant superpotentials
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QD Q3 u
c cc tc dcD ≡ (dc, sc) bc
SU(2)L × U(1)Y (2, 1/6) (2, 1/6) (1,−2/3) (1,−2/3) (1,−2/3) (1, 1/3) (1, 1/3)
Model I
T ′ 2 1′ 1′′ 1 1′′ 2′′ 1′′
kI −1 2 2 4 −2 5 −2
Model II
T ′ 2 1′ 1′′ 1 1′′ 2′′ 1′′
kI −1 2 6 4 2 5 −2
Model III
T ′ 2 1′ 1′′ 1′′ 1′′ 1′′ 1 1′′
kI −1 2 2 4 −2 6 4 −2
Model IV
T ′ 2 1′ 1′′ 1′′ 1′′ 1′′ 1 1′′
kI −1 2 2 4 6 6 4 −2
Model V
T ′ 2 1 2′′ 1′′ 2′ 1
kI −1 2 3 2 7 −2
Table 5: The transformation properties of the quark fields under the Standard Model gauge group SU(2)L×U(1)Y
and under T ′ modular symmetry for different models, where −kI refers to the modular weights. The two Higgs
doublets Hu,d are invariant under T
′ and their modular weights are assumed to be vanishing.
for up and down sectors as follow,
Wu = yu1ucQDY (1)2 Hu + yu2ucQ3Y (4)1 Hu + yu3 ccQDY (3)2′′ Hu + yu4 tcQ3Hu ,
Wd = yd1dcDQDY (4)3 Hd + yd2dcDQDY (4)1 Hd + yd3bcQ3Hd ,
(54)
where the coupling constant yu1,2,3,4 and y
d
1,3 can be taken to be real positive by rephasing the
quark fields without loss of generality, while the phase of yd2 can not be removed. Applying the
decomposition rules of the T ′ tensor products in Appendix A, we find the quark mass matrices are
given by
Mu =
 yu1Y
(1)
2,2 −yu1Y (1)2,1 yu2Y (4)1
yu3Y
(3)
2′′,2 −yu3Y (3)2′′,1 0
0 0 yu4
 vu ,
Md =
 −
√
2e
5ipi
12 yd1Y
(4)
3,3 y
d
1Y
(4)
3,1 − yd2Y (4)1 0
yd1Y
(4)
3,1 + y
d
2Y
(4)
1 −
√
2e
7ipi
12 yd1Y
(4)
3,2 0
0 0 yd3
 vd . (55)
We see that there are totally seven zero entries in Mu and Md, and the down quark mass matrix Md
is block diagonal. Apart form the dependence of Mu and Md on the VEV of the complex modulus
τ , we have six real input parameters yu1,2,3,4, y
d
1,3 and one complex parameter y
d
2 to describe the
quark masses, mixing angles and phases.
Model II: 6 zero elements and 10 free parameters
The transformation rules of the quarks under the T ′ modular symmetry are identical with those
of Model I while the assignments of the modular weights are different, as shown in table 5. The
superpotential for the quark Yukawa interactions is given by
Wu = yu1ucQDY (5)2 Hu + yu2 ccQDY (3)2′′ Hu + yu3 tcQDY (1)2 Hu + yu4 tcQ3Y (4)1 Hu ,
Wd = yd1dcDQDY (4)3 Hd + yd2dcDQDY (4)1 Hd + yd3bcQ3Hd ,
(56)
where the phases of the couplings yu1,2,3,4 and y
d
1,3 can be absorbed into the quark fields, while the
phase of yd2 can not be eliminated by field redefinition. The superpotential in Eq. (56) leads to the
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following up and down quark mass matrices,
Mu =
 y
u
1Y
(5)
2,2 −yu1Y (5)2,1 0
yu2Y
(3)
2′′,2 −yu2Y (3)2′′,1 0
yu3Y
(1)
2,2 −yu3Y (1)2,1 yu4Y (4)1
 vu , Md =
 −
√
2e
5ipi
12 yd1Y
(4)
3,3 y
d
1Y
(4)
3,1 − yd2Y (4)1 0
yd1Y
(4)
3,1 + y
d
2Y
(4)
1 −
√
2e
7ipi
12 yd1Y
(4)
3,2 0
0 0 yd3
 vd ,
(57)
which depends on ten real input parameters including the real and imaginary part of the modulus
τ .
Model III: 6 zero elements and 11 free parameters
In this model, we assign the three generations of left-handed quark fields to doublet 2 and singlet
1′, the right-handed up type quarks uc, cc and tc all transform as 1′′ while the right-handed down
type quarks dc, sc and bc transform as 1′′, 1 and 1′′ respectively. The quark masses are described
by
Wu = yu1ucQDY (1)2 Hu + yu2ucQ3Y (4)1 Hu + yu3 ccQ3Y (6)1 Hu + yu4 ccQDY (3)2 Hu + yu5 tcQ3 ,
Wd = yd1dcQDY (5)2 Hd + yd2scQDY (3)2′′ Hd + yd3bcQ3Hd ,
(58)
where all coupling constants except yu4 can be taken to be real by using the freedom of field
redefinition. We can read out the up and down quark mass matrices as follow,
Mu =
 yu1Y
(1)
2,2 − yu1Y (1)2,1 yu2Y (4)1
yu3Y
(3)
2,2 − yu3Y (3)2,1 yu4Y (6)1
0 0 yu5
 vu , Md =
 yd1Y
(5)
2,2 − yd1Y (5)2,1 0
yd2Y
(3)
2′′,2 − yd2Y (3)2′′,1 0
0 0 yd3
 vd . (59)
We see that Mu and Md are expressed in terms of eleven free input parameters: y
u
1,2,3,5, |yu4 |,
arg(yu4 ), y
d
1,2,3, Reτ , Imτ .
Model IV: 5 zero elements and 11 free parameters
The classification of the quark fields under the T ′ modular symmetry is the same as that of
Model III, while the assignments for the modular weight are different, as shown in table 5. The
superpotential for quark masses is of the following form
Wu = yu1ucQDY (1)2 Hu + yu2ucQ3Y (4)1 Hu + yu3 ccQ3Y (6)1 Hu + yu4 ccQDY (3)2 Hu + yu5 tcQDY (5)2 Hu ,
Wd = yd1dcQDY (5)2 Hd + yd2scQDY (3)2′′ Hd + yd3bcQ3Hd , (60)
where all coefficients except yu4 can be taken to be real positive. Using the decomposition rules of
T ′ group in Appendix A, we obtain
Mu =
 y
u
1Y
(1)
2,2 − yu1Y (1)2,1 yu2Y (4)1
yu3Y
(3)
2,2 − yu3Y (3)2,1 yu4Y (6)1
yu5Y
(5)
2,2 − yu5Y (5)2,1 0
 vu , Md =
 yd1Y
(5)
2,2 − yd1Y (5)2,1 0
yd2Y
(3)
2′′,2 − yd2Y (3)2′′,1 0
0 0 yd3
 vd , (61)
which involve eleven free real parameters including the real and imaginary parts of the modulus
τ .
Model V: 4 zero elements and 11 free parameters
In this model, both left-handed and right-handed quark fields are assigned to transform as the
direct sum of doublet and singlet representations of T ′, i.e., QD ∼ 2, Q3 ∼ 1, ucD ≡ (uc, cc) ∼ 2′′,
tc ∼ 1′′, dcD ≡ (dc, sc) ∼ 2′ and bc ∼ 1. The modular invariant superpotential in the quark sector
is
Wu = yu1ucDQDY (2)3 Hu + yu2ucDQ3Y (5)2 Hu + yu3 tcQDY (1)2 Hu + yu4 tcQ3Y (4)1′ Hu ,
Wd = yd1dcDQDY (6)3I Hd + yd2dcDQDY (6)3IIHd + yd3bcQ3Hd ,
(62)
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Parameters µi ± 1σ
yu/10
−6 2.73325± 0.84731
yc/10
−3 1.41719± 0.04960
yt 0.50232± 0.01200
yd/10
−6 5.12495± 0.56374
ys/10
−4 1.01438± 0.05478
yb/10
−3 5.56096± 0.06103
ye/10
−6 2.07526± 0.01245
yµ/10
−4 4.38107± 0.02629
yτ/10
−3 7.48026± 0.03898
θq12 0.22736± 0.00073
θq13/10
−2 0.34938± 0.01258
θq23 0.04015± 0.00064
δqCP /
◦ 69.21330± 3.11460
sin2 θl12 0.310
+0.013
−0.012
sin2 θl23 0.563
+0.018
−0.024
sin2 θl13 0.02237
+0.00066
−0.00065
δlCP /
◦ 221+39−28
∆m221
10−5eV2 7.39
+0.21
−0.20
∆m231
10−3eV2 2.528
+0.029
−0.031
Table 6: The best fit values µi and 1σ uncertainties of the quark and lepton parameters when evolve to the GUT
scale as calculated in [61], with the SUSY breaking scale MSUSY = 10 TeV and tanβ = 10, where the error widths
represent 1σ intervals. The quark masses are given as mu,c,t = yu,c,tvu and md,s,b = yd,s,bvd. The values of lepton
mixing angles, leptonic Dirac CP violation phases δlCP and the neutrino mass squared difference are taken from
NuFIT 4.1 [1].
where the coupling constants yu1,2,4 and y
d
1,3 can be taken to be real and positive without loss of
generality while the phases of yu3 and y
d
2 can not be absorbed into quark fields. The up and down
quark mass matrices are given as
Mu =
−
√
2e
5ipi
12 yu1Y
(2)
3,3 y
u
1Y
(2)
3,1 − yu2Y (5)2,2
yu1Y
(2)
3,1 −
√
2e
7ipi
12 yu1Y
(2)
3,2 y
u
2Y
(5)
2,1
yu3Y
(1)
2,2 − yu3Y (1)2,1 yu4Y (4)1′
 vu ,
Md =

√
2e
5ipi
12 (yd1Y
(6)
3I,1 + y
d
2Y
(6)
3II,1) − yd1Y (6)3I,2 − yd2Y (6)3II,2 0
−yd1Y (6)3I,2 − yd2Y (6)3II,2
√
2e
7ipi
12 (yd1Y
(6)
3I,3 + y
d
2Y
(6)
3II,3) 0
0 0 yd3
 vd . (63)
5.1 Numerical results
In previous work, the texture zero structure of the quark mass matrices is an assumption or the
zero entry is highly suppressed when imposing certain flavor symmetry. In the present formalism,
the texture zero is exactly preserved by the modular symmetry, and the nonvaninshing entries are
correlated. Therefore modular symmetry provides a natural framework to realize texture zero.
Moreover, it is remarkable that the down quark mass matrix Md is block diagonal, the (12), (13),
(31) and (32) elements of Md are vanishing exactly for all the five models summarized in table 5.
As a consequence, the small off-diagonal entries Vub, Vcb, Vtd and Vts of the CKM matrix completely
arise from the up type quark sector.
The above predictions for up and down quark mass matrices Mu and Md in Eqs. (55, 57, 59,
61, 63) are given at the scale where the modulus τ obtains the vacuum expectation value. Here we
assume that the flavor symmetry breaking scale is very large around the grand unified theory (GUT)
scale 2 × 1016 GeV. For each given values of the coupling constants and the modulus τ , we can
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Model I
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 y
u
4/y
u
1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
−0.47939 0.86459 0.42512 0.95955 4344.63990 3.74078 0.14201 2.04311 9.20412 0.47388
Predictions
mu/mc mc/mt md/ms ms/mb θ
q
12 θ
q
13 θ
q
23 δ
q
CP /
◦
0.00199 0.00282 0.04972 0.01824 0.22736 0.00350 0.04005 69.26697
Model II
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 y
u
4/y
u
1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
−0.49840 0.88683 4706.16116 0.45302 0.01519 3.75206 0.14206 1.94206 8.96471 0.49854
Predictions
mu/mc mc/mt md/ms ms/mb θ
q
12 θ
q
13 θ
q
23 δ
q
CP /
◦
0.00193 0.00282 0.04973 0.01824 0.22736 0.00349 0.04015 69.28700
Model III
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 |yu4/yu1 | arg(yu4/yu1 )/pi yu5/yu1 yd2/yd1 yd3/yd1 yu1vu/GeV yd1vd/GeV
−0.16137 2.09053 1232.14635 309.52851 147650.12880 0.37858 0.44741 0.03585 0.22598 0.30438 4.28435
Predictions
mu/mc mc/mt md/ms ms/mb θ
q
12 θ
q
13 θ
q
23 δ
q
CP /
◦
0.00193 0.00282 0.05052 0.01824 0.22736 0.00349 0.04018 69.17695
Model IV
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 |yu4/yu1 | arg(yu4/yu1 )/pi yu5/yu1 yd2/yd1 yd3/yd1 yu1vu/GeV yd1vd/GeV
0.03655 2.09053 1231.94709 308.12232 147330.42750 0.37905 1.67925 0.03588 0.22603 0.30517 4.28343
Predictions
mu/mc mc/mt md/ms ms/mb θ
q
12 θ
q
13 θ
q
23 δ
q
CP /
◦
0.00193 0.00282 0.05052 0.01824 0.22736 0.00349 0.04010 69.19269
Model V
Input
Reτ Imτ yu2/y
u
1 |yu3/yu1 | arg(yu3/yu1 )/pi yu4/yu1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
0.05658 2.40794 7712.59313 52.55220 1.00934 327408.43390 4.11950 0.49133 0.11156 0.19691 8.67877
Predictions
mu/mc mc/mt md/ms ms/mb θ
q
12 θ
q
13 θ
q
23 δ
q
CP /
◦
0.00187 0.00283 0.05086 0.01824 0.22736 0.00350 0.03921 69.13333
Table 7: The best fit values of the input parameters, quark mass ratios and the CKM parameters for the five models
summarized in table 5. The fit is performed for the GUT scale extrapolated data given in table 6. Notice that the
measured values of the top quark mass mt and bottom quark mass mb are reproduced exactly here.
numerically diagonalize Mu and Md, subsequently we can extract the predictions for quark masses
and CKM mixing matrix which may be compared with their GUT scale values. It is well-known that
the quark masses and mixing parameters at GUT scale can be obtained from the measured values
at low energy experiments by performing renormalization group evolution (RGE). The running of
best-fit and error values to the GUT scale are generally dependent on SUSY parameters, primarily
depends on the SUSY breaking scale MSUSY and tanβ. In our numerical analysis, we shall extract
the GUT scale values of all Yukawa couplings and the CKM parameters from [61], assuming a SUSY
breaking scale MSUSY = 10 TeV and tanβ = 10. The central values as well as the 1σ uncertainty
ranges of different observables used in our analysis are listed in table 6.
In order to determine the optimum values of the input parameters for which the experimental
data can be accommodate best, we define a χ2 function
χ2 =
n∑
i=1
(
Pi(x1, x2, . . . , xm)− µi
σi
)2
, (64)
where Pi are predictions for the physical observables derived from the up type and down type quark
mass matrices Mu and Md as complex nonlinear functions of the free parameters of the model,
µi and σi are the GUT scale central values and 1σ deviations respectively of the corresponding
quantities listed in table 6. The measured values of the top and bottom quark masses can be
reproduced exactly by properly choosing the values of the overall parameters yu1vu and y
d
1vd. Hence
we include the mass ratios mu/mc, mc/mt, md/ms and ms/mb instead of quark masses mu,c,t and
md,s,b individually. We take the complex modulus τ as random complex number in the fundamental
domain F : |Reτ | ≤ 12 , Imτ > 0, |τ | ≥ 1. The absolute values of all coupling constants are scanned
in the region [0, 106] while the phases are freely varied in the range [0, 2pi]. The function χ2 is
numerically minimized by using the minimization algorithms incorporated in the package MINUIT
developed by CERN to determine the best fit values of the input parameters. From the fitted
parameters, one can obtain the predictions for quark masses and CKM mixing matrix.
As shown in section 5, both Model I and Model II have ten free parameters and the remaining
Model III, Model IV and Model V have eleven free parameters. We shall fit all the ten or eleven
free parameters of each model using the ten observables including six quark masses mu,c,t, md,s,b,
three quark mixing angles θq12, θ
q
13, θ
q
23 and one quark CP violation phase δ
q
CP . The results of the
fitting are shown in table 7. We see that all the five models can give very good fit to the data, and
the predicted quark masses and mixing parameters all lie within their 1σ ranges. When extending
these models to include the lepton sector in the following section, the value of the complex modulus
τ can be fixed by the measured values of the lepton mixing angles and the neutrino mass squared
differences. Thus the free parameters in the quark mass matrices would be reduced.
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L ec µc τ c N c
SU(2)L × U(1)Y (2,−1/2) (1, 1) (1, 1) (1, 1) (1, 0)
D6 T
′ 3 1′ 1′ 1 3
kI 1 1 3 1 1
D9 T
′ 3 1′′ 1′′ 1′ 3
kI 1 1 3 1 1
Table 8: The transformation properties of the lepton chiral superfields under the Standard Model gauge group
SU(2)L×U(1)Y and under T ′ modular symmetry for the models D6 and D9 of [30], where −kI refers to the modular
weights.
6 Quark lepton unification
Inspired by the success of T ′ modular symmetry in explaining the quark masses and CKM
mixing matrix, we shall extend this framework to the lepton sector. Since the solar mixing angle
θl12 and atmospheric mixing angle θ
l
23 are large, and the reactor mixing angle θ
l
13 is of the same order
as the Cabibbo angle, the lepton mixing matrix doesn’t have a hierarchical structure. Therefore
we shall not use the doublet representations of T ′ to distinguish the first two generation leptons
from the third generation. The three generations of left-handed lepton doublets L = (L1, L2, L3)
T
are assigned to be in triplet 3 under T ′, while the right-handed charged leptons ec, µc and τ c
are assumed to transform as singlet representations 1, 1′ or 1′′ of T ′ modular group. For the
representations 3, 1, 1′ and 1′′, the elements of T ′ coincide two by two and can be described by the
same matrices that represent the elements in A4. Therefore the group T
′ can not be distinguished
from A4 when working with these representations. As a consequence, the flavor symmetry is
essentially the A4 modular group in the lepton sector. A systematical classification of lepton
models with A4 modular symmetry has been performed in [30]. In the present work, we shall focus
on two economical models which are named as D6 and D9 in [30]. The transformation properties
of the lepton chiral superfields and the right-handed neutrinos N c = (N c1 , N
c
2 , N
c
3)
T under T ′ and
their modular weights are summarized in table 8. Note that the Higgs doublets Hu,d transform
trivially under T ′ with zero modular weight.
6.1 Lepton sector
In the following, we shall present the neutrino and charged lepton mass terms and the corre-
sponding predictions for lepton mass matrices for the models D6 and D9. The neutrino masses are
assumed to be generated from the type I seesaw mechanism. As listed in table 8, the right-handed
neutrinos N c compose a T ′ triplet 3.
• D6 lepton model
In this case, the modular invariant superpotential in the lepton sector reads
We = αec(LY (2)3 )1′′Hd + βµc(LY (4)3 )1′′Hd + γτ c(LY (2)3 )1Hd , (65a)
Wν = g1((N cL)3SY (2)3 )1Hu + g2((N cL)3AY (2)3 )1Hu + Λ((N cN c)3SY (2)3 )1 . (65b)
The resulting charged lepton mass matrix Me, the Dirac neutrino mass matrix MD as well as
the Majorana mass matrix MN for heavy neutrinos are given by
Me =
αY
(2)
3,3 αY
(2)
3,2 αY
(2)
3,1
βY
(4)
3,3 βY
(4)
3,2 βY
(4)
3,1
γY
(2)
3,1 γY
(2)
3,3 γY
(2)
3,2
 vd , MN =
 2Y
(2)
3,1 − Y (2)3,1 − Y (2)3,2
−Y (2)3,3 2Y (2)3,2 − Y (2)3,1
−Y (2)3,2 − Y (2)3,1 2Y (2)3,3
Λ ,
MD =
 2g1Y
(2)
3,1 (−g1 + g2)Y (2)3,3 (−g1 − g2)Y (2)3,2
(−g1 − g2)Y (2)3,3 2g1Y (2)3,2 (−g1 + g2)Y (2)3,1
(−g1 + g2)Y (2)3,2 (−g1 − g2)Y (2)3,1 2g1Y (2)3,3
 vu . (66)
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The light neutrino mass matrix is given by the seesaw formula mν = −MTDM−1N MD. The phases
of the parameters α, β and γ can be absorbed into the right-handed charged lepton fields, and
the measured charged lepton masses can be reproduced by adjusting their values. The light
neutrino mass matrix mν only depends on the complex parameter g2/g1 and modulus τ besides
the overall scale g21v
2
u/Λ. It is found that the modulus τ lies in narrow regions in order to be
compatible with the experimental data on lepton mixing angles and neutrino masses [30].
• D9 lepton model
From table 8, we see that the models D6 and D9 differ in the assignments of representations and
weights for the right-handed charged leptons, while the transformation properties of L and N c
are exactly the same in the two models. The superpotential for the charged lepton masses is
given by
We = αec(LY (2)3 )1′Hd + βµc(LY (4)3 )1′Hd + γτ c(LY (2)3 )1′′Hd , (67)
which leads to the following charged lepton mass matrix
Me =
αY
(2)
3,2 αY
(2)
3,1 αY
(2)
3,3
βY
(4)
3,2 βY
(4)
3,1 βY
(4)
3,3
γY
(2)
3,3 γY
(2)
3,2 γY
(2)
3,1
 . (68)
The superpotential Wν for neutrino sector coincides with that of Eq. (65b), and the relevant
neutrino mass matrices MD and MN are given by Eq. (66).
6.2 Numerical results
We can combine the benchmark quark models Model I, Model II, Model III, Model IV and
Model V presented in section 5 with the D6 and D9 lepton models to give a unified description of
both quark and lepton sectors. Notice that the modulus τ in the quark and lepton mass matrices
should be identical. We will perform a simultaneous fit to the quark and lepton sectors, the model
would be consistent with experimental data if the observed quark and lepton masses and mixing
parameters can be accommodated for some common τ of quarks and leptons. It is remarkable
that the resulting models have less free input parameters than the number of observable quantities
including quark and lepton masses and mixing parameters. Hence it is highly nontrivial that the
model can successfully fit the data. The extrapolated values of the charged lepton masses at the
GUT scale are listed in table 6 for tanβ = 10 and MSUSY = 10 TeV. For the neutrino masses and
mixing angles, we use the latest results of the global data analysis from NuFIT 4.1 [1], the RGE
effects from the low scale to the GUT scale are neglected, since the running of the neutrino masses
and mixing angles in the MSSM is known to be negligible in the case of tanβ ≤ 30. It is found
that the RGE dependence can really be safely neglected in a sizable region of the tanβ −MSUSY
plane [22].
Since the global analysis of neutrino oscillation data favors normal mass ordering over inverted
ordering [1], we shall assume normal ordering neutrino masses in the χ2 analysis. Similar to
section 5.1, the absolute value of each coupling constant freely varies between 0 and 106, all phases
are treated as random numbers in the 0 and 2pi, and the complex modulus τ is scanned in the
fundamental domain of the modular group. The results of the fit are given in table 9. We see
that very good fit to the data is obtained, and all the observables from the model fall well into
the experimentally allowed range. From the fitted parameters, we can further obtain predictions
for the unmeasured observables such as the Dirac CP phase δlCP and Majorana CP phase α21 and
α31 in the lepton sector, the lightest neutrino mass m1, and the effective Majorana mass mee in
neutrinoless double beta decay, as shown in table 9.
As an example, we consider the scenario that the Model I in quark sector is combined with the
lepton model D6. We have 16 real input parameters |yu1,2,3,4|, |yd1,3|, |yd2 |, arg(yd2), |α|, |β|, |γ|, |g1|,
|g2|, arg(g2), Reτ and Imτ to describe the 18 measured quantities including the quark masses mu,c,t
and md,s,b, the CKM mixing parameters θ
q
12, θ
q
13, θ
q
23 and δ
q
CP , the charged lepton masses me,µ,τ ,
19
Model I+D6
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 y
u
4/y
u
1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
−0.49847 0.84449 0.52840 1.16227 5041.40113 3.53148 0.13825 2.14113 7.15812 0.45218
β/α γ/α |g2/g1| arg(g2/g1)/pi αvd/GeV (g21v2u/Λ)/eV
0.36049 0.00427 1.11554 1.37166 8.02910 0.39971
Predictions
mu/mc mc/mt md/ms ms/mb me/mµ mµ/mτ m1/eV m2/eV m3/eV |mee|/eV
0.00183 0.00283 0.04976 0.01824 0.00474 0.05857 0.12929 0.12958 0.13872 0.12945
θq12 θ
q
13 θ
q
23 δ
q
CP /
◦ sin2 θl12 sin
2 θl13 sin
2 θl23 δ
l
CP /
◦ α21/◦ α31/◦
0.22737 0.00352 0.03816 69.32639 0.30998 0.02238 0.54777 261.65953 0.55957 180.62437
Model II+D6
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 y
u
4/y
u
1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
−0.48242 0.87767 4622.54305 0.45421 0.01544 3.69211 0.14112 1.98258 8.80228 0.48835
β/α γ/α |g2/g1| arg(g2/g1)/pi αvd/GeV (g21v2u/Λ)/eV
0.37455 0.00446 1.11410 1.62831 8.34476 0.42538
Predictions
mu/mc mc/mt md/ms ms/mb me/mµ mµ/mτ m1/eV m2/eV m3/eV |mee|/eV
0.00193 0.00282 0.04973 0.01824 0.00474 0.05857 0.13241 0.13269 0.14164 0.13258
θq12 θ
q
13 θ
q
23 δ
q
CP /
◦ sin2 θl12 sin
2 θl13 sin
2 θl23 δ
l
CP /
◦ α21/◦ α31/◦
0.22737 0.00350 0.03962 69.28836 0.31002 0.02236 0.54645 277.83689 359.49213 179.10767
Model III+D6
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 |yu4/yu1 | arg(yu4/yu1 )/pi yu5/yu1 yd2/yd1 yd3/yd1 yu1vu/GeV yd1vd/GeV
0.04327 2.09221 1231.68816 308.20831 147118.83560 0.37643 0.44559 0.03588 0.22603 0.30560 4.28352
β/α γ/α |g2/g1| arg(g2/g1)/pi αvd/GeV (g21v2u/Λ)/eV
4.32234 0.00031 1.15601 1.37529 10.55424 0.35880
Predictions
mu/mc mc/mt md/ms ms/mb me/mµ mµ/mτ m1/eV m2/eV m3/eV |mee|/eV
0.00193 0.00282 0.05053 0.01824 0.00474 0.05858 0.07922 0.07969 0.09383 0.07921
θq12 θ
q
13 θ
q
23 δ
q
CP /
◦ sin2 θl12 sin
2 θl13 sin
2 θl23 δ
l
CP /
◦ α21/◦ α31/◦
0.22734 0.00349 0.04016 68.71325 0.31001 0.02237 0.57919 250.41152 1.45635 181.26500
Model IV+D6
Input
Reτ Imτ yu2/y
u
1 y
u
3/y
u
1 |yu4/yu1 | arg(yu4/yu1 )/pi yu5/yu1 yd2/yd1 yd3/yd1 yu1vu/GeV yd1vd/GeV
0.04326 2.09226 1232.38273 308.36320 147189.52460 0.37635 1.67610 0.03589 0.22603 0.30546 4.28352
β/α γ/α |g2/g1| arg(g2/g1)/pi αvd/GeV (g21v2u/Λ)/eV
4.32332 0.00031 1.15603 1.37526 10.55380 0.35881
Predictions
mu/mc mc/mt md/ms ms/mb me/mµ mµ/mτ m1/eV m2/eV m3/eV |mee|/eV
0.00193 0.00282 0.05054 0.01824 0.00474 0.05858 0.07923 0.07969 0.09383 0.07921
θq12 θ
q
13 θ
q
23 δ
q
CP /
◦ sin2 θl12 sin
2 θl13 sin
2 θl23 δ
l
CP /
◦ α21/◦ α31/◦
0.22734 0.00349 0.04016 68.69820 0.31001 0.02238 0.57917 250.41813 1.45589 181.26512
Model V+D9
Input
Reτ Imτ yu2/y
u
1 |yu3/yu1 | arg(yu3/yu1 )/pi yu4/yu1 |yd2/yd1 | arg(yd2/yd1)/pi yd3/yd1 yu1vu/GeV yd1vd/GeV
0.03548 2.39781 7819.33046 54.05782 0.99663 329247.47300 4.03855 0.50620 0.11162 0.19171 8.67418
β/α γ/α |g2/g1| arg(g2/g1)/pi αvd/GeV (g21v2u/Λ)/eV
149.62275 284.15784 1.12239 0.37191 0.04122 0.52347
Predictions
mu/mc mc/mt md/ms ms/mb me/mµ mµ/mτ m1/eV m2/eV m3/eV |mee|/eV
0.00215 0.00280 0.05209 0.01824 0.00474 0.05857 0.11598 0.11630 0.12641 0.11613
θq12 θ
q
13 θ
q
23 δ
q
CP /
◦ sin2 θl12 sin
2 θl13 sin
2 θl23 δ
l
CP /
◦ α21/◦ α31/◦
0.22735 0.00345 0.03928 69.08115 0.30988 0.02241 0.55773 259.82911 0.68898 180.73465
Table 9: The best fit values of the input parameters, the charged fermion mass ratios, the quark mixing parameters,
and light neutrino masses and the lepton mixing parameters for the quark-lepton unified models. The fit is performed
for the GUT scale extrapolated data given in table 6. Notice that the measured values of the top quark mass mt and
bottom quark mass mb and tau lepton mass mτ are reproduced exactly here.
the neutrino mass-squared splittings ∆m221 and ∆m
2
31, and the lepton mixing angles θ
l
12, θ
l
13 and
θl23. From table 6, we see that the charged fermion masses and the CKM mixing matrix has been
measured very precisely so that their 1σ ranges are quite narrow. Hence the input parameters are
also constrained to be in very narrow regions to accommodate the experimental data. Although
the number of observables is less than the number of input parameters, we find that the allowed
regions of τ by the experimental data of quark and lepton sectors have overlapping area, as shown
in figure 1. In order to make the common region of τ visible, we require that the quark mass
ratios yc/yt, yd/ys, ys/yb and the CP violating phase δ
q
CP lie in the 2σ intervals, the quark mixing
angles θq12, θ
q
13, θ
q
23 and the charged lepton mass ratio ye/yµ, yµ/yτ in the 5σ intervals, and the
three neutrino mixing angles and neutrino masses squared differences in their 3σ ranges. It is
notable that all the quark and lepton mixing parameters are predicted to lie in narrow regions.
In particular, the atmospheric mixing angle θ23 is in the second octant, and the lepton Dirac CP
phase δlCP is determined to be around 3pi/2.
7 Conclusion and summary
Modular invariance as the flavor symmetry is a promising approach to understand the puzzle of
quark and lepton masses and flavor mixing. The Yuakwa couplings are modular forms of a certain
level N in this approach. We have generalized this formalism to modular forms of general integer
weights which can be arranged into irreducible representations of the homogeneous finite modular
group Γ′N [48]. Notice that Γ
′
N is the double covering of ΓN . It is well known that SU(2) is the
double covering group of SO(3), and two SU(2) elements correspond to one SO(3) element with the
same Euler angles. Γ′N can be regarded as the inverse image of the inhomogeneous finite modular
group ΓN under this map for smaller N . In addition to the irreducible representations of ΓN , Γ
′
N
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Figure 1: The allowed region of τ by the experimental data in the Reτ − Imτ plane and the correlation between
different observables. The quark masses and mixing parameters can be obtained in the blue region while the lepton
masses and parameters can be obtained in the red region. The green dashed lines denote the experimentally preferred
3σ ranges adapted from [1].
has other new representations [48]. The even weight modular forms of level N transform in the
irreducible representations of ΓN [10], while the odd weight modular forms of level N are arranged
into the new representations of Γ′N [48]. The odd weight modular forms provide us interesting
opportunity for fermion mass model building.
With the idea of reduce the number of free parameters, the ansatz of texture zero has been
widely studied. It is shown that the texture zeros of the fermion mass matrices can be enforced by
means of Abelian symmetries. In the present work, we show that the texture zeros of the fermion
mass matrices can be naturally produced if we properly assign the representations and weights of
the matter fields under the modular symmetry. As a concrete example, we impose the Γ′3 ∼= T ′
modular symmetry on the quark sector. We assign the first two generations of the left-handed
quark doublets to a T ′ doublet, and the third generation of the left-handed quark is a singlet of
T ′. As regards the right-handed quark fields, we have considered two scenarios that the three
generations of right-handed quarks transform as a doublet and a singlet under T ′ or they are three
singlets of T ′. We find that the quark mass matrix can take six possible forms with zero entries up
to row and column permutations: Case A, Case B, Case C, Case D, Case E and Case F given in
Eqs. (40, 52, 53). Combing the up and down quark sectors together, we can obtain the possible up
quark and down quark mass matrices predicted by T ′ modular symmetry. It is usually assumed the
mass matrix is symmetric or hermitian in texture zero models. In our approach, the explicit form
of mass matrix is completely fixed by modular symmetry and it is generally neither symmetric
nor hermitian. We present five interesting quark models summarized in table 5. These models
contain only ten or eleven independent real parameters including the complex modulus τ , and the
experimental data of quark masses and CKM mixing matrix can be accommodated very well.
Furthermore, we investigate the lepton sector with the T ′ modular symmetry. The lepton fields
are assumed to transform as triplet 3 or singlets 1, 1′, 1′′ under T ′ such that the T ′ modular
symmetry can not be distinguished from the A4 modular symmetry in the lepton sector since
doublet representations of T ′ are not involved. A systematical classification of lepton models with
A4 modular symmetry has been performed in [30]. We combine the five quark models in table 5 with
the D6 and D9 lepton models of [30] to give a unified description of both quark and lepton masses
and flavor mixing. It is highly nontrivial that the resulting models can produce very good fit to
21
the experimental data although they contain less number of free parameters than the observables.
In summary, the modular symmetry can naturally produce texture zeros in fermion mass matrix
if odd weight modular forms are considered. The modular invariance approach has the merits
of both abelian flavor symmetry and discrete non-abelian flavor symmetry. It is interesting to
investigate the possible texture zero structures of the lepton sector which can be obtained from
modular symmetry.
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Appendix
A Group Theory of T ′
The T ′ group is the double covering of the tetrahedral group A4. All the elements of T ′ can be
generated by three generators S, T and R which obey the following relations,
S2 = R, (ST )3 = T 3 = R2 = 1, RT = TR . (A.1)
Hence the generator R commutes with all elements of the group. Besides the A4 representations:
one triplet 4 and three singlets 1, 1′ and 1′′, the T ′ group has three two-dimensional irreducible
representations 2, 2′ and 2′′. In the present work, we shall adopt the same basis of [48], in particular
using the following explicit representation matrices for the generators S, T and R in different irreps,
1 : S = 1, T = 1, R = 1 ,
1′ : S = 1, T = ω, R = 1 ,
1′′ : S = 1, T = ω2, R = 1 ,
2 : S = − 1√
3
(
i
√
2eipi/12
−√2e−ipi/12 −i
)
, T =
(
ω 0
0 1
)
, R = −
(
1 0
0 1
)
,
2′ : S = − 1√
3
(
i
√
2eipi/12
−√2e−ipi/12 −i
)
, T =
(
ω2 0
0 ω
)
, R = −
(
1 0
0 1
)
,
2′′ : S = − 1√
3
(
i
√
2eipi/12
−√2e−ipi/12 −i
)
, T =
(
1 0
0 ω2
)
, R = −
(
1 0
0 1
)
,
3 : S = 13
−1 2 22 −1 2
2 2 −1
 , T =
 1 0 00 ω 0
0 0 ω2
 , R =
 1 0 00 1 0
0 0 1
 ,
with ω = ei2pi/3. The generator R is represented by an identity matrix for the odd-dimensional
representations 1, 1′, 1′′ and 3. Therefore the elements of T ′ coincide two by two and can be
described by the same matrices that represent the elements in A4 for these representations. The
Kronecker products between different irreducible representations of T ′ are given by
1a ⊗ rb = rb ⊗ 1a = ra+b (mod 3), for r = 1,2 ,
1a ⊗ 3 = 3⊗ 1a = 3 ,
2a ⊗ 2b = 3⊕ 1a+b+1 (mod 3) ,
2a ⊗ 3 = 3⊗ 2a = 2⊕ 2′ ⊕ 2′′ ,
3⊗ 3 = 3S ⊕ 3A ⊕ 1⊕ 1′ ⊕ 1′′ , (A.2)
where a, b = 0, 1, 2 and we have denoted 1 ≡ 10, 1′ ≡ 11, 1′′ ≡ 12 for singlet representations and
2 ≡ 20, 2′ ≡ 21, 2′′ ≡ 22 for the doublet representations. The notations 3S and 3A stand for the
symmetric and antisymmetric triplet combinations respectively. The CG coefficients in our working
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basis can be also be found in [48], we would like to list them in the following for completeness. We
shall use αi to denote the elements of the first representation, βi to indicate these of the second
representation of the product.
1a ⊗ 1b = 1a+b (mod 3) ∼ αβ , (A.3)
1a ⊗ 2b = 2a+b (mod 3) ∼
(
αβ1
αβ2
)
, (A.4)
1′ ⊗ 3 = 3 ∼
αβ3αβ1
αβ2
 , (A.5)
1′′ ⊗ 3 = 3 ∼
αβ2αβ3
αβ1
 . (A.6)
2⊗ 2 = 2′ ⊗ 2′′ = 3⊕ 1′ with

1′ ∼ α1β2 − α2β1
3 ∼
 eipi/6α2β21√2ei7pi/12(α1β2 + α2β1)
α1β1
 (A.7)
2⊗ 2′ = 2′′ ⊗ 2′′ = 3⊕ 1′′ with

1′′ ∼ α1β2 − α2β1
3 ∼
 α1β1eipi/6α2β2
1√
2
ei7pi/12(α1β2 + α2β1)
 (A.8)
2⊗ 2′′ = 2′ ⊗ 2′ = 3⊕ 1 with

1 ∼ α1β2 − α2β1
3 ∼
 1√2ei7pi/12(α1β2 + α2β1)α1β1
eipi/6α2β2
 (A.9)
2⊗ 3 = 2⊕ 2′ ⊕ 2′′ with

2 ∼
(
α1β1 −
√
2ei7pi/12α2β2
−α2β1 +
√
2ei5pi/12α1β3
)
2′ ∼
(
α1β2 −
√
2ei7pi/12α2β3
−α2β2 +
√
2ei5pi/12α1β1
)
2′′ ∼
(
α1β3 −
√
2ei7pi/12α2β1
−α2β3 +
√
2ei5pi/12α1β2
) (A.10)
2′ ⊗ 3 = 2⊕ 2′ ⊕ 2′′ with

2 ∼
(
α1β3 −
√
2ei7pi/12α2β1
−α2β3 +
√
2ei5pi/12α1β2
)
2′ ∼
(
α1β1 −
√
2ei7pi/12α2β2
−α2β1 +
√
2ei5pi/12α1β3
)
2′′ ∼
(
α1β2 −
√
2ei7pi/12α2β3
−α2β2 +
√
2ei5pi/12α1β1
) (A.11)
2′′ ⊗ 3 = 2⊕ 2′ ⊕ 2′′ with

2 ∼
(
α1β2 −
√
2ei7pi/12α2β3
−α2β2 +
√
2ei5pi/12α1β1
)
2′ ∼
(
α1β3 −
√
2ei7pi/12α2β1
−α2β3 +
√
2ei5pi/12α1β2
)
2′′ ∼
(
α1β1 −
√
2ei7pi/12α2β2
−α2β1 +
√
2ei5pi/12α1β3
) (A.12)
23
3⊗ 3 = 3S ⊕ 3A ⊕ 1⊕ 1′ ⊕ 1′′ with

3S ∼
 2α1β1 − α2β3 − α3β22α3β3 − α1β2 − α2β1
2α2β2 − α1β3 − α3β1

3A ∼
α2β3 − α3β2α1β2 − α2β1
α3β1 − α1β3

1 ∼ α1β1 + α2β3 + α3β2
1′ ∼ α3β3 + α1β2 + α2β1
1′′ ∼ α2β2 + α1β3 + α3β1
(A.13)
B Higher weight modular forms
Using the contraction rules of the T ′ group in Appendix A, we can construct the modular forms
of weight k = 5, 6, 7, 8 and level 3. The linear space of modular forms of weight k and level 3
has dimension k + 1. The action of the homogeneous finite modular group T ′ divides the space of
weight 5 modular forms into three doublets transforming the irreducible representations 2, 2′ and
2′′ of T ′. They are given by
Y
(5)
2 ≡
(
Y
(5)
2,1
Y
(5)
2,2
)
=
(
2
√
2ei7pi/12Y 41 Y2 + e
ipi/3Y1Y
4
2
2
√
2ei7pi/12Y 31 Y
2
2 + e
ipi/3Y 52
)
,
Y
(5)
2′ ≡
(
Y
(5)
2′,1
Y
(5)
2′,2
)
=
( −Y 51 + 2(1− i)Y 21 Y 32
−Y 41 Y2 + 2(1− i)Y1Y 42
)
,
Y
(5)
2′′ ≡
(
Y
(5)
2′′,1
Y
(5)
2′′,2
)
=
(
5eipi/6Y 31 Y
2
2 − (1− i)eipi/6Y 52
−√2ei5pi/12Y 51 − 5eipi/6Y 21 Y 32
)
. (B.1)
The weight 6 modular forms can be decomposed into two triplets 3 and one singlet 1 of T ′, and
they explicitly read
Y
(6)
1 = (1− i)eipi/6Y 62 − (1 + i)eipi/6Y 61 − 10eipi/6Y 31 Y 32 ,
Y
(6)
3I ≡
Y
(6)
3I,1
Y
(6)
3I,2
Y
(6)
3I,3
 =
 −2(1− i)Y 31 Y 32 + iY 62−4eipi/6Y 41 Y 22 − (1− i)eipi/6Y1Y 52
2
√
2ei7pi/12Y 51 Y2 + e
ipi/3Y 21 Y
4
2
 ,
Y
(6)
3II ≡
Y
(6)
3II,1
Y
(6)
3II,2
Y
(6)
3II,3
 =
 −Y 61 + 2(1− i)Y 31 Y 32−eipi/6Y 41 Y 22 + 2(1− i)eipi/6Y1Y 52
4eipi/3Y 21 Y
4
2 − (1 + i)eipi/3Y 51 Y2
 . (B.2)
For the modular forms of weight 7, we have
Y
(7)
2I ≡
(
Y
(7)
2I,1
Y
(5)
2I,2
)
=
(
3iY1Y
3
2 [2(1 + i)Y
3
1 + Y
3
2 ]
−4Y 61 Y2 + (1− i)Y 31 Y 42 − iY 72
)
Y
(7)
2II ≡
(
Y
(7)
2II,1
Y
(5)
2II,2
)
=
(−Y1[Y 61 − (1− i)Y 31 Y 32 + 4iY 62 ]
3Y 31 Y2[Y
3
1 − 2(1− i)Y 32 ]
)
Y
(7)
2′ ≡
(
Y
(7)
2′,1
Y
(7)
2′,2
)
=
( −3eipi/6Y 21 Y 22 [Y 31 − 2(1− i)Y 32 ]
−eipi/6Y1[Y 31 − 2(1− i)Y 32 ][(1 + i)Y 31 − Y 32 ]
)
,
Y
(7)
2′′ ≡
(
Y
(7)
2′′,1
Y
(7)
2′′,2
)
=
(
[2(1 + i)Y 31 + Y
3
2 ](e
ipi/3Y 31 Y2 + e
ipi/12
√
2Y 42 )
−3eipi/3Y 21 Y 22 [2(1 + i)Y 31 + Y 32 ]
)
. (B.3)
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Finally we present the expressions of the weight 8 modular forms of level 3 as follow,
Y
(8)
1 = [2(1 + i)Y
3
1 + Y
3
2 ](4e
ipi/3Y 31 Y
2
2 + e
ipi/12
√
2Y 52 ) ,
Y
(8)
1′ = 4Y
7
1 Y2 − 7(1− i)Y 41 Y 42 + 4iY1Y 72 ,
Y
(8)
1′′ = [Y
4
1 − 2(1− i)Y1Y 32 ]2 ,
Y
(8)
3I ≡
Y
(8)
3I,1
Y
(8)
3I,2
Y
(8)
3I,3
 =
 −ei2pi/3Y2[−4iY 61 Y2 + (1 + i)Y 31 Y 42 + Y 72 ]ei5pi/6[−2(1− i)Y 71 Y2 + 5iY 41 Y 42 + (1 + i)Y1Y 72 ]
3iY 21 Y
3
2 [2(1 + i)Y
3
1 + Y
3
2 ]
 ,
Y
(8)
3II ≡
Y
(8)
3II,1
Y
(8)
3II,2
Y
(8)
3II,3
 =
 3eipi/6Y 31 Y 22 [Y 31 − 2(1− i)Y 32 ]eipi/3[(1 + i)Y 71 Y2 − 5Y 41 Y 42 + 2(1− i)Y1Y 72 ]
−Y 21 [Y 61 − (1− i)Y 31 Y 32 + 4iY 62 ]
 . (B.4)
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